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Robust Output Feedback Using Sliding Mode Control

A.S. Lewis*
Pennsylvania State University, State College, Pennsylvania 16804

A general sliding mode output feedback algorithm is developed that takes into account parametric uncertainty
and external disturbances provided certain bounds are known. It has been assumed that the number of states is
greater than the number of sensors and that there can be a mismatched disturbance. The details of an eigenvalue
perturbation analysis for an uncertain matrix are presented. A boundary layer has been introduced around each
sliding surface to eliminate the chattering phenomenon. The results from numerical simulations are presented to

corroborate the validity of the proposed controller.

Introduction

N the context of robust control, it is well known that sliding

mode controllerscan be designed to account for parametricerror,
external disturbances, and system uncertainty provided that certain
bounds are known. This is especially true when all of the states
of the system are accessible for measurement. However, full state
feedbackis generallynot possible or feasible, and reliance on only a
few outputs is necessary. One example of such a system is a flexible
rotor where the excitation is caused by the inevitable uncertainties
in the rotor eccentricity. Although it is not possible to know the
exact value of the rotor eccentricity, it is quite a straightforward
task to estimate its maximum value. Another example concerns the
active control of a truck/full-trailer’s rearward amplification during
lane changes and braking. During these maneuvers, it is generally
impossible to measure all of the states, and certain parameters such
as the tire’s cornering stiffness and articulation angle are not known
exactly but can be bounded. As a result, it is important to develop
the sliding mode controllerbased on a limited number of inputs and
to ensure that robustness to external disturbances and parametric
uncertainty is guaranteed.

Yallapragadaetal.! discuss a design method to obtaina controller
that satisfies the reaching conditions. They also examine the robust-
ness to external disturbances when the matching conditionsare met.
Wang and Fan? have developed an interesting approach to design
a sliding mode output feedback control. Their definition of sliding
hyperplanes includes an exponentially decaying term. Effectively,
the system starts from being initially on the sliding hyperplanes.
However, they did not address the issue of robustness to external
disturbances. Kwan® extended the approach by Wang and Fan? by
eliminating the exponentiallydecaying term and formulatinga time-
varying upperbound of states. He has also examined the robustness
to mismatched disturbances. However, this disturbance vector has
a special structure that may limit its applicability to many systems.
Furthermore, he does not consideruncertainty in the control matrix.
Lewis etal.* apply sliding mode outputfeedbackto controla flexible
rotor with uncertainty in the external disturbance and initial condi-
tions. Lewis and Sinha® address the mismatched disturbance issue
concerned with output feedback and present techniques for stability
analysis. However, in the latter two efforts, parametric uncertainty
is not considered.

This paper develops a general sliding mode output feedback con-
trol methodology that addresses uncertainty in the plant, control,
and disturbance matrices provided certain bounds are known. It is
assumed that the number of states is greater than the number of
sensors. The robustness to the parametric uncertainty and exter-
nal disturbancesis achieved through the proper selection of control
gains. The method for determining these gains is given, as well as
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a breakdown of the components that contribute to the magnitude of
these gains. Using a two-degree-of-freedom spring-mass-damper
system (Fig. 1) and an aircraft model, simulation results with both
matched and mismatched disturbances are presented that illustrate
the controller design procedure and the effectiveness of the con-
troller as well.

Problem Statement
Consider the following general system:

¥ =(A+AA)x+ (B+ AB)u+ (D + AD)F, (1)

Y =Cx 2)

where x € R" is the state vector, u € R™ is the control vector, and
Y € R? is the output measurement vector. The matrices AA, AB,
and A D accountfor parametricuncertaintyin the plant, control,and
disturbancematrices,respectively.The disturbance F; is assumedto
beboundedand C € R”* " is the output matrix. It is assumed that the
matchingconditionas outlinedby Vergheseet al.S is satisfied for the
control matrix, thatis, AB = ABB, where A B is a bounded matrix
and B = (I + AB)B = B in the absence of uncertainty. The objec-
tive is to use sliding mode output feedback to regulate the outputin
the presence of uncertainty. The system is converted to controllable
canonical form given by Dorling and Zinober’ by introducing the
transformation

q=Tx 3)
with T=TT. The transformed equations with ¢" =[gq7 ¢I],
g € R"™" and g, € R™, are

q1= (A +AA g + (Ap+ AAp)gy + (D + AD)YF,  (4)
g2 = (A + AAy)g + (Ap + AAn)g, + 1 + ABz)ézu
+ (Dy + AD»)F, (5)
YZCTTqZClql +C2q2 (6)
where C, and C, are appropriately defined matrices.
Control Law Development
The sliding hyperplanes are introduced as
§=(GC)™'GY = (GCy)7'GCiq, +q» (7)

where § € R™ and (GC,) is assumed to be invertible. The matrix
G € R" *7 is selected by the designer. Equation (7) can be rewritten
to express ¢, in terms of ¢, and S as

@=S- (Gcz)_chlql (8)
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Fig. 1 Two-degree-of-freedom system.

Substituting Eq. (8) into Eq. (4) gives

g1 = Araq1 + (A, + AAR)S + (D) + AD)F, )

Ared = A1 — Ap(GCy)T'GCy + AA — AAR(GCY) TG
(10)

where G must be chosen to ensure that the eigenvalues of the
reduced-order matrix A,y are stable. Ay has uncertainties asso-
ciated with it, but they are assumed to be bounded. It is known that
in the absence of uncertainty, arbitrary pole placement is possible?
if

rank[C>(GC)™'G —1] < p—m (1)
If this condition is not satisfied, it still may be possible to achieve
stable poles even in the presence of uncertainty, but they may not
be arbitrary. Wilkinson® discusses eigenvalue perturbation theory
based on theorems from Gerschgorin. The main premise is that ev-
ery eigenvalue of a given matrix must lie in at least one circular
disk with given center and radius. Smith et al.’ use an approach
involving eigenvalue perturbation descriptions to design H,, con-
trollers for flexible structure problems. Weigl et al.!® also apply Hy,
control with eigenvalue perturbations to stabilize a transonic com-
pressor. Finally, Smith!! presents perturbation models for robust
control where the matrices are perturbed by a set of all unknown,
Euclidean norm-boundedmatrices. These methods can be appliedto
matrices that have both complex and/or real eigenvalues. The key to
the applicationis casting the system matrix as the sum of a nominal
matrix and a perturbed matrix multiplied by a diagonal weighting
matrix. The elements of this weighting matrix are the radii of the
circular disks within which the eigenvalues must lie.

With a stable A4 matrix havingbeen determined, the eigenvalues
of Aq canbe groupedas [—A; — A, - — Ay—m]. Kwan?® shows
that

“ exp(Aredt) “ =vy exp(_)‘-mint) (12)
where Apin > 0 is the minimum real part of the A; and A > 0. Thus,
the important issue with this design is being able to determine A,
given a stable set of eigenvalues.

With a properlydesignedsliding mode control system, the outputs
reach a desired manifold (intersection of sliding hyperplanes) and
stay on the manifold thereafter. These two stages are referred to as
the reaching and sliding conditions, respectively. While in the slid-
ing mode, the system dynamics can be written as S = 0. Differenti-
ating Eq. (7) and using Egs. (5), (8), and (9) yield

S = Pq + QS+ RF;+ (I + AB,))Bou (13)

where

P = (Gcz)_chl [All +AA — (A + AAlz)(Gcz)_chl]

+ Ay + AAy — (Ap + AAp)(GCy)T'GC, (14)
0= (Gcz)_chl (A + AApR) + (An + AAy) (15)
R = (GC,)'GC(Dy + AD;) + (D, + AD) (16)

Because the system dynamics are not known exactly, the best esti-
mate of the control # that makes S =0 is required. To satisfy S=0
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as closely as possible and to account for the uncertainties in the
system, let the control law take the form

u=—B'KS (17)
where
K = diag(k,, ko, ..., ky) (18)
S= [sign(sy), sign(sz), . .., sign(s,,l)]T (19)
Substitution of Eq. (17) into Eq. (13) yields
S=Pqg + QS+ RF,—(I+ AB)KS (20)
The reaching conditions, s;5; < —n;|s|, are satisfied if
(I = E)K = ||Pqi|l + QIS + | RF ]| 2D

where |AB,| < E, | o] is the 2-norm of a vector, and | e | indicates
that every element is considered to be greater than or equal to zero.
Equation (21) is a set of m equations with m unknown gains K to be
determined. It is of interest to know if there is a unique solution for
K, and if so, is every component of K > 0? Slotine and Li'? show
by the theorem of Frobenius-Perron that Eq. (21) admits a unique
solution for K whose components are nonnegative.
By the use of Eq. (12), the norm of ¢; can be expressed as

g < ye= " llq, (0)]|

t
+ f ye (Ol (A + AAR) IS +d*] de (22)
0
with [[(D; + AD)F ()|l <d*. However, the vector g, is not avail-
able for measurement. To circumvent this problem, an auxiliary
variable is introduced similarly to that of Kwan,> who does not
consider the A A, matrix in his formulation, as

W(t) = =k () + y[I(A1 + AARISI+d*]  (23)

with w(0) > 0, and A,, < Ap,. Integration of Eq. (23) yields

t

w(t) = e ' w(0) + f ye O (Ap + AA) S|+ d*] de
0

(24)

Comparisonof Egs. (22) and (24) indicatesthat w(t) > |lq, (¢)|| after
a finite period of time. As a result, the gains K; can be expressed as

K= —=EIPIw@) + QIS+ I RIIFI] (25)
Inspection of Eq. (25) indicates that K is time varying due to the

w(t) and S terms. To eliminate the chattering phenomenon, the sign
function of Eq. (19) is replaced by the saturation function defined

| |

sat|:
(26)

In essence, a boundary layer'” is introduced around each sliding
hyperplane so that the control is a nonlinear function of the inputs
outside the boundary layer and a linear functioninside the boundary
layer.

s5i (1) /i (1);
sign[s; (1) /¢: ()]s

it s (1) /¢i ()] < 1

otherwise

@i (1)

Example 1

To demonstratethe control technique, the two-degree-of-freedom
mechanicalsystem shownin Fig. 1 will be used forexample 1, and an
aircraftapplicationwill be presented in example 2. It is assumed that
only r, andr, are available for measurement. Here u () is the control
force,and F} (¢) is the disturbanceforce. When the disturbanceforce
is actingon therightmass of Fig. 1, the matching conditionis met. To
simulate the nonmatching condition, F,(¢) is taken to be acting on
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the left mass. The equations of motion, when Fy(?) is applied to the
right mass, can be put into first-order form after Egs. (4) and (5) as
@q=1[ n fl]T, q, =[] 27

0 0 1

A+ AA, = 0 0 0

—ky/my—a; k/m+a —cg/m—az

(28)
An+AAL=[0 1 c;/m +as]" (29)

Al + AAy = [ky/may + oy —kg/my —ay cq/my +ay] (30)
Ap + AAy = [—cq/my — ay], B, = [1/m]
AB; = [as] (3D

D, +AD, =[0 0 0], D, + AD, = [(1/m;) + as] (32)

c_fo1o e [0 33
"“lo o ol >

o = e (1 4 cos5t),

where

o3 = e3+ e, sin2t
(34)
as = e;(1 — sint cos3t) (35)

o, = e, cos 3t,

oy = es + egsin2t,

‘When the matching conditions for the disturbanceforce are not met,
that is, the force is acting on the left mass, the disturbance matrices
are defined as

D +AD, =[0 0 1/m +as]”,  D,+AD,=[0] (36)

Let the disturbance force be described by
Fd(t) = AU cos Qt (37)

where A, is the magnitude of the disturbance. The parameters for
the system model are given as m; =5 kg, m, =4 kg, ¢, =7 Ns/m,
and k; =500 N/m. The simulationparametersare 2 = 14.137 rad/s,
e;=11.0, e, =15, e3=0.25, ¢, =0.25, es=1.0, ¢ =1.0, and
e; =0.1. The magnitude of the uncertaintiesis based on the physical
parametersof the system, and it is assumed that this magnitude does
notexceed the nominal value. The frequencies were chosen arbitrar-
ily and were intended to create a time-varying uncertainty. It is as-
sumed that |¢; (0)| < [0.2m 0.1m 0.1m/s]” andthat A, <25N.1It
is noted that the uncertaintiescan lead to parameter variations greater
than 20% from the nominal for stiffness, damping, and control ma-
trix terms. In particular, these uncertainties lead to perturbationsin
the eigenvalues of A 4.

Eigenvalue Analysis for Example 1
To run the simulations, a stable A4 matrix, given by

0 0 1
0 - 0
Ared = 82
kg ks c o c
=t — 4 481 —a + 381 d _“3J
1 my mg; 82 1

(38)

hadtobe formed, where G =[g, g,].Forthe simulations,the matrix
G was givenby [10 1]. The eigenvaluesof the nominal A .4 matrix
are —10.00, —0.70£i9.9755. According to the theory given by
Smith,"" Aeq = Ayom + Aper can be rewritten as

Apa = A" + WA (39)

where A* =Z7'A,,nZ has a special structure containing the eigen-
values of the nominal A, WA=Z""'A,..Z, and W is a diagonal
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Fig.2 Eigenvalue perturbation analysis for A .q.

weighting matrix selected such that the largest singular value of
A < 1. The matrix Z is given by VVI_1 where V is the eigenvector
matrix for A,,,, and V; is the eigenvectormatrix for A*. For the nu-
merical example presentedhere, which results in the largestsingular
value for A being 0.9926 <1,

—0.70  9.9755 0

A* = |=9.9755 —0.70 0
0 0 —10.00
285 0 0
w=| 0 285 0 (40)
0 0 0.05

Figure 2 shows the interpretation of the A* and W matrices with
regardto the perturbationofthe nominaleigenvalues.There are three
disks, each with its center at a nominal eigenvalue and each with
a radius corresponding to the diagonal elements of W. Inspection
of Fig. 2 indicates that the disks encompass areas that may contain
unstable eigenvalues. The dark portions inside the two large circles
contain the actual range of the possible eigenvaluesof A4 givenin
closed form as

A= _%(Cd/ml +a3) ij%\/(cd/ml +a3)? — 4k /m + a))
(41

Ay =—g1/8 (42)

It is observed that A3 is fixed and has no dependence on the para-
metric uncertainties. As a result, to keep each element of W >0,
a small radius of 0.05 is chosen. In contrast, the minimum real
value of Ay, —(cq/my + e3 + e4)/2=—0.90, and the maximum
real value, —c,;/(2m) = —0.70, are time varying as a result of un-
certainty. Consequently, if g; and g, are chosen such that A3 <O,
the A4 matrix will always contain stable eigenvalues. As a result,
Aw =0.40 < 0.70 satisfies the condition imposed with Eq. (23) and
is used in the simulations. It is clear that the approach given by
Smith!! is conservative,but does provide a good bound of the range
of the eigenvalues.

Simulation Results for Example 1

Figure 3 shows a plot of y, () =r, () vs time for both the match-
ing and nonmatching conditions. There is a higher amplitude of
oscillation for the matched case because the force is acting directly
on it. Figure 4 shows a plot of the sliding surface S(¢) vs time. In
steady-state, it oscillates around zero with frequency €2. The value
of ¢ for both the matchingand nonmatchingcasesis 0.25.1tis found
that the system remains inside the boundary layer after 0.045 s for
the matching case and 0.072 s for the nonmatching case. Inspection
of Fig. 5 clearly shows a large difference between the gains K for
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the two cases indicated by the || P ||w(¢) term being divided by 10.
However, there is nota large differencein the overall control effortas
shown in Fig. 6. The gain defined by Eq. (25) is composed primarily
of the || P||w () term for both cases, especially for the nonmatching
case. The || Q||||S|| term contributes very little to the overall gain.
The nonmatching case has no contribution by the ||R|||| Fy|| term,
whereas the matching case has a constant component.

Figure 7 shows how w(t) follows |lg,(¢)|l for both the match-
ing and nonmatching conditions. In each case, w(0) =0.01, but the
values for y are different. The initial condition is selected to be
relatively small because the initial conditions of ¢ are not known
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exactly. The value of y directly affects the magnitude of w(t). As
seen from Fig. 7, the ||q;(¢)|| for the nonmatching case has a much
higher amplitude than the matching case. However, ymacn = 0.4
while Yponmaen = 0.09. The higheramplitudeis needed for the match-
ingcasetoensurethatw () > ||¢q; (¢)|| inareasonabletime. Itis noted
that in both cases that w(t) > ||g,(¢)| at about the 3-s mark. This
time could be reduced with larger values of y, but it would be at the
expense of larger control effort. As a result, a design compromise
must be found between these two factors.

Example 2
In this aerospace application, adapted from Ref. 13, a linearized
model of the longitudinal dynamics of an aircraft is explored and
is representative of an aircraft under trim conditions. Both matched
and mismatched disturbancesare included. The system is given as

o Zy/V +a 1 Ze/V 4oy o
4| =| My+ar M;+a3 Mg+as qp
8. 0 0 —T, —as Se
0 d,
+ 0 u+ | d, | d(®) (43)
T, + oy d;

where Z,/V, Zg/V, M,, M,, and M are aircraft properties. The
angle of attack is «, the pitchrate is g, the elevator angle is §., and
the dynamics associated with the elevator angle to the control input
u is given by 7,. The disturbance is given by d(t), and the values
of dy, d,, and d; determine whether the system has a matched or



LEWIS

mismatched disturbance. The outputs are selected to be the pitch
rate and elevator angle. It is noted that by choosing the elevator
angle, there is collocation of the sensor and actuator. Finally, o;
represent the uncertainty of the system and are given by

a3z = e3(1 + cos5t)

o) = e sint, oy = e, cos2t,

oy = eqcost (44)
o = eg(—1 4 sin 2t cost)

a5 = es5(1 — sint),
o7 = e;cos 3t 45)
When e; =0.05, e; =2.0, e3 =0.05, e, =0.00005, e5 =2.0, e =

0.667, and e; = 0.4 and the parameters given in Ref. 13 are used,
the system, given in the form of Eqs. (4-6), is

A+ AAL
_ —0.277+0.05 sint 1 46)
T | —17.14+2cos2t —0.17840.05(1+ cos5t)
A+ AAL = —0.0002 “7)
2 27 1224201 —sint)
Ay +AA; =[0 0]
A 4+ AAy = [—6.67 — 0.667(—1 + sin2¢ cos )] (48)

B, + AByB, = [6.67 +0.4(—1 + sin2f cos1)]

=1 c=|° (49)
"o ol >

It is observed that these uncertainties can lead to parameter vari-
ations greater than 20% from the nominal values and give a good
indication of the perturbations that might occur during trim condi-
tions. The A,.q matrix is formed as

Z,)V+
Ared = [ / “

1—(Zg/V +as)gi/g } (50)
Moc+a2

M, + a3 — (Mg + 5)81/8>

where G =g, g»]. For the simulations, the matrix G was given by
[—0.4635 1], which results in the eigenvalues of the nominal A .4
matrix being —3.0549 £ j3.063. These nominal eigenvaluesare the
centersof the stabilitydisks, shownby the x inFig. 8. Figure 8, which
shows the perturbation analysis for A4, indicates that there is no
unstable region. Only one circle is shown because the roots appear
in complex conjugate pairs. The absence of an unstable region is
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Fig. 8 Eigenvalue analysis for aerospace application.
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further demonstrated by the computation of the A* and W matrices
given by

—3.0549  3.063 225 0
—3.063 —3.0549 0 225

In this case, the largest singular value for the A matrix is 0.9910.
Inspection of the W matrix indicates the radius is 2.25, which is not
large enough to cause the nominal eigenvalues to go outside of the
stability disk.

Two cases for simulation are considered: one with a matched
disturbance and one with a mismatched disturbance. To obtain a
mismatched disturbance, the values of d,, d,, and d; are taken
to be 0.0, 1.0, and 0.0, respectively with constant disturbance
d(t) =0.5 after 0.5 s, which is in contrast to the sinusoidal dis-
turbance of example 1. A matched disturbance can be achieved
by setting d,, d>, and d; to 0.0, 0.0, and 1.0, respectively. Con-
trol laws for the two types of disturbances can be computed as
follows:

Unmateh (1) = —[10.76w (1) + 1.26]|S|| + 0.38]sat(S/¢) (52)
Unonmaen (1) = —[10.76w () + 1.26]|S|| + 0.17]sat(S/p) (53)

Simulation results are obtained with ¢ =0.3, y =1.5, A, =2, and
d* =0 for matching and 0.6 for nonmatching, and an initial condi-
tion vector of [0 —2 0]. The initial value of w(#) is 0.01. Figure 9
shows the response of the attack angle and pitch rate for the two
cases, and Fig. 10 shows the control force required in each case.
Inspectionof Figs. 9 and 10 indicates that the control input required
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Fig.10 Aerospace example, u(¢) vs time.
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and the dynamic responses are virtually identical. However, inspec-
tion of Fig. 11, which shows a plot of the gain K vs time, indicates
that the gain for the nonmatching case is much larger than that
of the matching case. Furthermore, Fig. 12 shows that it takes the
matched case over 0.25 s longer for w (¢) to be greater than ||g; (¢)||.
This time could be reduced by increasing y, but it would be at the
expense more control effort, as shown in example 1. It should be
noted that S(t), which is not shown, is virtually identical for both
cases.
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Conclusions

A general sliding mode output feedback control algorithm
applicable to a wide range of systems has been developed to
guarantee robustness to bounded external disturbances and para-
metric uncertainty when there are more states than sensors. The
robustness is achieved through proper selection of the gain vec-
tor associated with the nonlinear part of the sliding mode con-
trol law. It has extended previous work by including uncertainties
to the control and A, matrices. Details of an eigenvalue pertur-
bation analysis for an uncertain matrix have been given. Simula-
tion results have been presented for both matched and mismatched
disturbances.
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